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A numerical continuation method is used for bifurcation analysis of the complex behavior that appears in the
attitude dynamics of rigid spacecraft as a result of switching logics in control system elements. Because the stability
analysisof limit cycles is carried out in mostcircumstances, the applicationof the continuationmethod raises a num-
berof issues when such aspects as nonlinearitiesthatcan notbe approximatedbydifferentiable functionsandnonin-
vertible input–output relations are taken into consideration.An approachbased on the continuationof equilibrium
points of the Poincaré map for the analysis of dynamicsystems with motion-dependentdiscontinuities is presented.
Spacecraft con� gurations featuring single-axis control loops are investigated, where momentum wheels or reaction
thrusters are used. In the latter case, the characterization of the dynamic behavior of a pulse-modulated control
system is used as an example of the proposed methodology. The results show that the considered con� gurations
can be successfully analyzed by the continuation technique, without performing extensive numerical simulation.

Nomenclature
F = Poincaré map
f = vector � eld
g = switching function
h = angular momentum
Iy = pitch moment of inertia
K = modulator � lter gain
K p ; K i ; Kd = proportional, integral, and derivative

feedback gains
M = manifold in the state space
m = parameter space dimension
n = state-space dimension
P = Poincaré section
t = time
U = control torque
Um = thruster torque
Umax = maximum torque
v = Schmitt trigger � lter variable
von; voff = Schmitt trigger switching thresholds
x = state vector
y = integrator variable
±t = time increment
²max = integrator reset threshold
³ = closed-loop damping
µ = pitch angle
¸ = continuationparameter
¹ = parameter vector
¿ = modulator � lter time constant
¿E = motor time constant
¿i = reset time constant
! = angular velocity
!n = closed-loop bandwidth

Subscripts

com = commanded
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e = at equilibrium
M = at intersection with manifold M
max = maximum
0 = initial condition

I. Introduction

S PACECRAFT performance speci� cations require high attitude
pointingaccuracyduring nominalmodes of operation.In recent

years, thepresenceofnonlinearitiesin both theactuationdevicesand
the control laws has raised increasingconcerns,as a cause of degra-
dation of the system performances and, in certain circumstances,
as a source of instability. Note the adverse effects of saturation,
hysteresis, and time delay in the actuator characteristics,1 as well
as the unwanted consequences of nonlinearities contained in con-
trol system elements. In the latter situation, for instance, there are
subsystemssuch as relayswith hysteresisand deadzoneor variable-
structure,proportionalplus integral(PI) regulatorsincorporatingan-
tiwindup reset that are usually featured in reaction or in momentum
wheel speedcontrollers,respectively.The analysisof controlledsys-
tems containing the aforementioned nonlinear elements may show
a complex behavior where periodic, quasi-periodic, subharmonic,
and chaotic motions are present.

The describing function method2 (DFM) deserves consideration
in control system analysis because it allows the prediction of the
frequency and amplitude of limit cycles when the behavior of a ba-
sically linear system is characterized by the presence of nonlinear
algebraicelements in the control laws and/or in the actuatordynam-
ics.Nevertheless,DFM is inherentlyinexactas a meansof accurately
analyzing complex dynamic phenomena. In a different approach,3

where the use of DFM to designate nonlinear stability margins in
pulse-modulated control system design is demonstrated, the oscil-
lation characteristicsof the system cannot be accurately identi� ed.
The problem of checking the presence or absence of limit cycles in
face of parametric uncertainties is addressed in Ref. 4 for a closed-
loop system containinga linear time-invariant transfer functionand
a separable autonomous nonlinear element. In that study,4 a struc-
tured singular-value-basedmethod is used, in the DFM context of
� rst harmonic approximation.

Dynamic system theory5 (DST) provides a powerful tool for the
analysisof nonlinearsystems. In the framework of DST, bifurcation
analysishasbeenwidelyused to studythenonlinearbehaviorof both
uncontrolled and controlled systems in the aerospace � eld. Among
many works on the subject, in Ref. 6, catastrophicjump phenomena
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are investigatedfor various types of nonlinear elements in a control
system subjected to a sinusoidal input, and in Ref. 7, a nonlinear,
time-periodic system, stabilized by a modal control scheme is ex-
amined using Poincaré maps. In Ref. 8, where a single input/single
output (SISO), pitch axis control system of a momentum-biased
satellite is dealt with, a global analysis is carried out by numerical
simulation to illustrate, by means of Poincaré mapping, the effect
of the motor time constant on the system behavior that involves
multiple limit cycles and strange attractors.Extensive simulation is
required in Refs. 7 and 8 to generatePoincaré maps and to locate ac-
curatelybifurcationpoints. However, even though in most cases the
logic of the controller is simple in design for the sake of reliability,
the presenceof regions in the parameterspace,where the qualitative
behavior of the dynamic system presents relevant variations, may
not be identi� ed by simulation,1 due to the high number of system
parameters involved.

In this paper, a novel approach is proposed for the bifurcation
analysisof the attitudedynamics of spacecraftcon� gurationswhere
discontinuousor nonsmoothedcharacteristicsof the control system
determine limit-cyclingconditions.The method is based on numer-
ical continuation9 of Poincarè map equilibria for the vehicle model
and allows complex nonlinear phenomena observed in closed-loop
attitude dynamics, as well as the effects of design parametersof the
control system, to be investigated ef� ciently without performing
extensivenumerical simulations.When two signi� cant applications
to single-axis stabilized spacecraft are considered, the analysis is
also intended to unfold those situationswhere the applicationof the
technique appears less effective or not appropriate.

The use of a numerical continuation algorithm in the analysis
of spacecraft attitude control system raises a number of speci� c
issues that are not given due attention in the reported applications.
First, it is apparent that small-amplitude, self-sustainedoscillations
may be the unwanted result of reset logic and torque saturation in a
momentum bias con� guration8 or may constitute the normal mode
of operation induced by the switching logic of a pulse modulator as
well. The use of a continuation algorithm for limit-cycle analysis
requires that the system under considerationbe in the general form

Px D f.x; ¹/ (1)

where x 2 Rn is the state vector, ¹ 2 Rm is a vector of parameters,
and f : Rn £ Rm ! Rn is a nonlinear C1 continuous vector � eld.9

In satellite con� gurations featuring switching logic in the control
system, the C 1 approximation of discontinuous functions becomes
a critical issue because the qualitative behavior of the system may
not be preserved once the smoothing is accomplished.

The second problem is more subtle and concerns the use of con-
tinuationmethods in the analysisof reactioncontrollers.As a signif-
icant example, consider pulse modulators based on the well-known
Schmitt trigger, where a vertical jump of the trigger output u.t/
occurs whenever the input v.t/ crosses the switching thresholds of
the relay hysteresis band. Therefore, the trigger has the highly non-
linear input–output relation u.t/ D g[v.t/; v.t ±t/] (Ref. 10), that
prevents the system from being formulated in the form of Eq. (1).
Note also that g cannotbe approximatedby a differentiable(at least)
function.

In spite of the limitations, the continuation technique can still be
used provided that an approach based on the concepts of Poincaré
map and discrete-timesystems is adopted where, as a major advan-
tage, the continuityof the vector � eld f in the whole phase space Rn

is not required. In particular, we assume that system (1) is continu-
ous only in de� ned regions of Rn separated by .n 1/-dimensional
manifoldsandapplythe continuationmethod to calculatethe steady-
state solutions and bifurcation points of the discrete system

xk C 1 D F.xk ; ¹/ (2)

where F : P £ Rm ! P is the Poincaré map, P ½ Rn is the Poincaré
section of dimension n 1, and xk 2 P. The map F is determined
by analyticalor numerical computationof the solutioncurves of the
spacecraft equations of motion, between two successive intersec-
tions with P. To this end, the discontinuities are detected, and the
time value when the discontinuityoccurs is accurately evaluated.

To discuss the advantages and possible limits of our approach,
two SISO rigid systems are analyzed, where nonlinear elements
with switching logics are present in the control laws. Unlike Ref. 7,
where linear control laws are applied to a nonlinearsystem, we have
linear dynamics in the uncontrolledsatellite model. This approach,
also adopted in Ref. 8, allows a detailed investigation of the ef-
fects of the control loop nonlinearities and a sound evaluation of
the proposed methodology as well because complicated dynamics
of the open-loop plant are omitted. Furthermore, practical applica-
tions such as the validation of control logics are not ruled out by
the assumption of a linear open-loop model due to the small per-
turbations involved in the motion of the controlled system. In par-
ticular, we consider 1) a PI compensation network with integrator
reset and wheel torque saturation (model 1) and 2) a proportional–
derivative (PD) network including a pulse-width pulse-frequency
(PWPF) thruster modulator,11 where both the width of the activated
reaction pulse and the distance between the pulses are modulated
proportionally to the error level (model 2).

The former con� guration,alreadyconsideredin Ref. 8, is recalled
for comparing and validating the results of the present method. In
the second application,which lends itself for the analyticaldetermi-
nation of the Poincaré map F, bifurcation theory provides a way of
validating the control laws, as determinedby a classical design pro-
cess and investigating the behavior of the system as the controller
parameters are varied.

The proposed approach is described in detail in Sec. II. Then,
Secs. III and IV are dedicated to the analysis of the SISO con� gu-
rations corresponding to model 1 and 2, respectively. A section of
conclusions ends the paper.

II. Limit-Cycle Analysis
In this section, we present our technique for tracing branches

of limit cycles using continuation of equilibrium solutions of the
Poincaré map. See the work of Guckenheimer and Holmes5 for the
de� nitionsof equilibriumpoint, periodicsolution,and discretemap.
A detailed description of the continuation algorithm is reported in
Refs. 12 and 13.

As observed in Sec. I, the vector � eld f of the considered space-
craft con� gurationcan notbe approximatedbycontinuousfunctions
due to the presence of the aforementionednonlinearitiesin the con-
trol laws. Nevertheless, provided that f exhibits periodic solutions,
the pertinent Poincaré map F is at least locally continuous with
respect to variations of initial conditions and system parameters.5

Therefore, the bifurcation analysis can be performed in terms of
numerical continuation9 of the equilibriumsolutionsof Eq. (2), and
we write

xk C 1 D xk C
Z tk C 1

tk

f .x; ¹/ dt (3)

where the orbit period T D tk C 1 tk is to be evaluated. In this study,
xk C 1 is calculated numerically by a fourth-order Runge–Kutta in-
tegration algorithm for model 1 and analytically for model 2. To
determine T , a secant iteration scheme is used to locate the value of
the time when the section P is intersected.In particular, an intersec-
tion is detected when jxi j=jjxjj · 10 6, where xi is the i th element
of the state vector and xi D 0 is the Poincaré section.

Note that the Poincaré map is to be continuous with respect to
variations of both xk and ¹ for the application of the continuation
method. In this respect we recall that a solution curve emanating
from a point x0 of the phase space can be represented in terms of
phase � ow Á, that is, x D Á.x0; t t0/, where x is a smooth function
of both x0 and t , when the vector � eld f is continuous.5;14 If a vector
� eldwith a discontinuityona manifoldM is considered,it is possible
to divide the phase space into two regions where the vector � eld is
continuous.Thus, the phase � ow can be represented by two locally
continuous� ows Á1 and Á2, on the two sides of M, connectedby the
function ¾ : M ! M that describes the action of the discontinuity
on the system state. The solution curves that intersect M are, thus,
split into three sections in the phase space as 1) a � rst path, for
t0 · t < tM , from x0 up to the point of intersectionx. /

M with M, such
that x. /

M D Á1.x0; tM t0/; 2) a jump on M, governed by the nature
of the discontinuity and represented by the relation x.C/

M D ¾.x. /

M /;
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and3)a trajectoryemanatingfromx.C/

M , that is,x1 D Á2.x.C/

M ; t tM /,
for t > tM . Provided that ¾ is continuouson M, the sequence x0

Á17!
x. /

M

¾7! x.C/

M

Á27! x1 generates a continuous phase � ow with respect
to the initial condition x0, although the continuity in t is no longer
retained. The � ow continuity for variation of a system parameter
can be demonstrated in a similar fashion.14

Therefore, when motion-dependentdiscontinuities in the vector
� eld are present, the computation of xk C 1 and T is split in several
phases, each one ending on a discontinuous manifold. A numeri-
cal algorithmfor solving dynamic systems with discontinuitieswas
presented in Ref. 15. In the same framework, we accurately de-
termine the location x. /

M of the intersection and the crossing time
tM using a secant method, where a convergence criterion similar to
that adopted for the detection of Poincaré section crossing is to be
satis� ed, that is, d.x. /; j

M ; M/=kx. /; j
M k < 10 8 , where d.¢; ¢/ is the

distance between the manifold M and the j th approximation of the
intersection point.

For the equilibrium points of Poincaré maps, recall that the con-
tinuation algorithm can accurately locate folds, Naimark–Sacker
(the discrete version of the Hopf bifurcation) and pitchfork bifur-
cations, including branch switching in the latter case. These three
situations correspond, respectively, to a saddle-node bifurcation, a
period doubling bifurcation, and a limit-cycle splitting on a branch
of periodic solutions of the continuous-time system. On the other
hand, because the discrete system (2) is not Lipschitz-continuous,5

nonstandard bifurcation points may exist that are not detected dur-
ing continuation. In these circumstances, as we will see in the next
section, the computation of bifurcating branches also fails because
the Jacobian rF (Ref. 12), evaluated by centered differences, is ill
conditioned or cannot be determined with the necessary accuracy,
when, for instance, a relevant variationof the phase � ow occurs due
to the bifurcation itself.

III. PI Network for Momentum Wheel Control
We considera momentum-biasedsatellite,controlledin pitchby a

simple, variable-structurecompensator.The con� guration,model 1,
is shown in Fig. 1 and features, as nonlinearelements, the reset logic
of the integrator and the torque saturation of the momentum wheel
motor. Continuationof steadystates and periodicsolutionsis carried
out for trajectories in the neighborhood of the origin, that is, when
the pitch error magnitude j²j is smaller than the speci� ed threshold
²max and the compensator has a PI structure. On the other hand, the
bifurcation analysis is conducted by continuation of the Poincaré
map equilibria, as outlined in the preceding section, when the con-
troller structure is switching between PI mode and just proportional
mode. In this latter situation, the requirement for C 1 continuity of
the vector � eld f in Eq. (1) can not be met because it is not pos-
sible to smooth the integrator reset function without altering the
compensating characteristicsof the controller.

Formulation
The pitch axis equationsof motion of the rigid system,developed

in Ref. 8 for external torque Ud D 0, are

P! D U=Iy; Pµ D !; Py D µg.µ / [1 g.µ/]y=¿i (4)

Fig. 1 Block diagram of model 1.

where ¿i ! 0 for an instantaneous reset. In Fig. 1, the commanded
momentum hcom and the nominal momentum of the system hsys are
also indicated.The functiong.µ / in Eqs. (4) representsthe integrator
reset as

g.µ/ D 1; for jµ µcomj · ²max

g.µ/ D 0; for jµ µcomj > ²max

where ²max is the switching threshold. The control torque U is

U D Ucom; for jUcom j · Umax

U D sign.Ucom/Umax; for jUcomj > Umax

where

Ucom D [Iy! C K p.µ µcom/ C K i y]=¿E

The state vector of system (4) is x D .!; µ; y/T with a stable
steady-statexe D .0; 0; 0/T . The Poincaré section P is the half-plane
! D 0, µ > 0, and, as mentioned, the Poincaré map is determined by
numerical integration of set (4).

Analysis
The constant parameters for model 1 are reported in Table 1. In

Ref. 8, the same spacecraft con� guration is investigated, and an
extensive parametric study is carried out to obtain a qualitative bi-
furcation diagram, where the regions of attraction of multiple com-
peting attractors and the critical values of the bifurcationparameter
1=¿E , with ¿E the motor time constant, are evaluated by numerical
simulation.

The global analysis is presented in Fig. 2, where the bifurcation
diagram of the limit-cycle amplitude µmax is traced as a function of
¸ D 1=¿E . The subcritical Hopf bifurcation (HB) is correctly iden-
ti� ed at ¸ D 0:025 s 1, and the branch of unstable limit cycles orig-
inating from the HB represents the boundary of the attracting basin
for the stable steady state at the origin.

Table 1 Nominal design parameters of the satellite con� gurations

Parameter Model 18 Unit Model 211 Unit

Iy 1,088 kg m2 500 kg m2

!n 1.0 rad s 1

³ 1.0
K p 78.7 N ¢ m s rad 1 !2

n Iy N ¢ m rad 1

Kd 2³!n Iy N ¢ m s rad 1

Ki 1.97 N ¢ m rad 1

²max 0.0873 rad
Umax 0.113 N ¢ m
Um 9.5 N ¢ m
¿E 23 s
von 1.0
voff 0.1
K 2.0 (N ¢ m) 1

¿ 0.5 s

Fig. 2 Model 1: bifurcation diagram of pitch angle µmax vs 1/¿E .
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For the continuation of the discrete-time system represented by
equilibrium points of the Poincaré map (Fig. 2), A1 and B1 in-
dicate branches of stable and unstable periodic solutions, where
the period varies from T D 180 s at ¸ D 0:022 s 1 to T D 160 s
for ¸ D 0:032 s 1. From the period doubling bifurcation (PD) at
¸ D 0:028 s 1 , the two branches of solutions of double period A2
and B2 were traced by continuation of equilibrium points of the
F2 Poincaré map. The branch A3 is a stable limit cycle following
the merging of the branches A2 and B2, also reported in Ref. 8.
This circumstance,where two intersectingbranches of periodic so-
lutions combine into a single limit cycle with two subharmonics,
could never occur in a smooth dynamic system.5 As a consequence,
we have a type of bifurcation that is not detected by the continua-
tion method, and to trace the branch A3, it is necessary to restart the
continuation after a periodic solution on that branch is determined
by numerical simulation. Finally, for ¸ > 0:034 s 1, periodic solu-
tions disappear,and an irregular behavior, such as quasi-periodicor
chaotic motion, occurs.

As a conclusion,comparison to the result of Ref. 8 shows that, in
the ¸ range where at least one periodic solution exists, all of the so-
lution branches for system (4) are accurately detected using a very
limited number of simulations and, more importantly, all of the
bifurcation points are precisely identi� ed by the application of
the continuation technique to either the continuous-time system
or the Poincaré map.

IV. PD Network with Thruster Pulse Modulation
In this section, a pitch axis control loop incorporating a PWPF

modulator is dealt with, the detailed description of which may be
found in Ref. 11. The standard realization of the control system
for pitch axis stabilization (model 2) is shown in Fig. 3, where the
nonlinearelement is the relaywith hysteresisand deadzone(Schmitt
trigger) in the modulator.

Recall that the static characteristics of the modulator are usu-
ally considered suf� cient for control design of rigid spacecraft.3

However, that approach fails to represent adequately the asymp-
totic behavior of the system when the error magnitude is small,
and the crucial effect of � nite amplitude pulses on the limit-cycling
spacecraft dynamics is missed because the averaged output of the
modulator is expected to be nearly linear with respect to constant
input amplitude.

Our application,where the dynamic characteristicsof the PWPF
logic are dealt with, provides an accurate and detailed description
of the oscillatorycharacteristicsof the rigid spacecraftduring nom-
inal operation and can also be regarded as a � rst step in the process
of pulse-modulatedcontrol system analysis and design for � exible
satellites.Because, as already outlined in Sec. I, the modulator can-
notbe modeledas a continuous-timesystemof classC1 , the analysis
is developed using Poincaré mapping.

Formulation
The governing equations of the rigid spacecraftmodel are

P! D U=Iy; Pµ D !

Pv D fK [K p.µcom µ/ Kd ! U ] vg=¿ (5)

Fig. 3 Block diagram of model 2.

where v is the trigger input. The control torque U is expressed as

U D 0; for

(
jvj · voff

or
voff < jvj<von; U .t ±t/ D 0

U D Um sign.v/; for
(

jvj ¸ von

or
voff < jvj < von; U .t ±t/ D Um sign [v.t ±t/]

where Um is the reaction torque. The state vector is x D .!; µ; v/,
and the Poincaré map is determined by the analytical integrationof
set (5), where the Poincaré section is the half–planede� nedbyv D 0,
! > 0. The design parametersof the control system are the network
gains, that is, the bandwidth !n and damping ³ of the closed-loop
system Iy

Rµ C Kd
Pµ C K pµ D 0 and the modulator parameters von,

voff , K , and ¿ .

Analysis
The constant parameters for this application, shown in Table 1,

are taken from Ref. 10. As a preliminary observation, the continu-
ation of periodic solutions allows the accurate determination of the
oscillation characteristics, that is, limit-cycle amplitude (related to
the pointingaccuracy) and period T , and of the numberof pulsesper
period and pulse width Ton, to evaluate both the fuel consumption
(function of the thruster-on time fraction Ton=T ) and the excitation
frequency.Furthermore,continuationof unstablesolutionbranches,
when possible,providesdetailed informationconcerningthe region
of attraction of stable solutions and, therefore, the global stability
of the system.

Figure 4 shows a family of bifurcationdiagramsof the limit-cycle
amplitudeµmax as a functionof !n , parameterizedwith respect to the
damping ³ . The curve for ³ D 1 is discussed in detail, to clarify the
interpretationof Fig. 4. As the bifurcationparameter is varied in the
range 0–50 rad s 1 we observe that, in a � rst interval O–A, glob-
ally stable periodic solutions are present where, as !n decreases,
the limit-cycle amplitude becomes very high. In a second interval
A–SN, we have two coexisting branches, that is, locally stable and
unstable solutions, and the amplitude of the latter decreases from
in� nity as the value of !n varies from 4 rad s 1 (point A) through
38.2 rad s 1 (point SN) where a saddle-node bifurcation is visi-
ble. Because !n is higher than 38.2 rad s 1 the system exhibits an
oscillatory divergence.

From the kind of results reported in Fig. 4, the stability regions
of the system can be represented in the !n –³ plane as shown in
Figs. 5 and 6, where the line SN1 is obtained by continuationof the
saddle-node bifurcation (SN) as a function of the two variables !n

and ³ . The secondline,A1, separatingthe local stability region from
the global stability region, is traced as the locus of all of the points
such as A in Fig. 4, where the asymptote to the unstable branch
intersects the !n –³ plane. In Fig. 5, where the lines of constant
amplitude of the stable (continuous line) and unstable (dashed line)

Fig. 4 Model 2: bifurcation diagram of µmax vs !n at different values
of ³.
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Fig. 5 Stability boundaries in the !n –³ plane.

Fig. 6 Stability boundaries in the !n –³ plane.

limit cycles are shown, for any two parameters (!n; ³ ) we can deter-
mine the system stability and the amplitude and attraction domain
of the stable orbit (if present). Figure 6 shows, in the !n –³ plane,
the lines of constant Ton=T and µmax for the stable limit cycles. As
already observed in Fig. 4, a sharp increase of the limit-cycle am-
plitude together with a reduction of the fuel consumption visible in
Figs. 5 and 6, respectively, is associated with a small value of !n .

For ³ < 0:25, the dynamic behavior of the system is complex.
Note that the Poincaré map is locally continuous with respect to
variations of the bifurcation parameter ¸ as long as the number of
pulses during an orbit is not varied. When critical values of ¸ are
met, the actual solution disappears, and a new one, with a different
number of pulses, is searched for, to identify a new branch of limit
cycles. Therefore, as a relevant advantage of the present approach,
the bifurcation analysis is not in� uenced by the number of pulses
produced by the modulator. On the other hand, when the dynamic
characteristicsof the modulator are investigatedby DFM, the repre-
sentationof the modulator outputwith a singleharmonic sinusoid is
prevented if more than two oppositepulses per cycle are generated.3

In Fig. 7, where the limit-cycle amplitude (Fig. 7a), period
(Fig. 7b, continuouslines), and the thruster-ontime fraction(Fig. 7b,
dashed lines) are shown as a functionof ³ , for !n D 1 rad s 1 , we see
several coexisting stable solutions for 0 · ³ · 0:25 having a differ-
ent number of pulses. In particular, a higher pulse frequencycauses
a reductionof both the pointing accuracyand the limit-cycle period
and an increment of the fuel consumption.

The complexstructureof thedomainsof attractionof the solutions
in Figs. 7 exhibits large variations as ³ is varied in the aforemen-
tioned range, and numerical simulation is necessary in this case to
characterizethe asymptoticbehaviorof the system for a given initial
condition. This is shown in Figs. 8a and 8b, where the regions of

a)

b)

Fig. 7 Model 2: bifurcation diagrams of a) µmax and b) T and Ton/T
vs ³.

a) ³ = 0.2

b) ³ = 0.05

Fig. 8 Model 2: domains of attraction on the Poincarè section at v = 0.
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a)

b)

Fig. 9 Model 2: bifurcation diagrams of a) µmax and b) T and Ton/T vs
D v = von ¡ voff .

attraction are traced for ³ D 0:2 and 0.05, respectively. In the � rst
case, there are only two competing attractors,whereas eight differ-
ent limit cycles coexist for ³ D 0:05, with a dramatic increase of
µmax and Ton=T as the number of pulses per cycle grows. However,
in this latter case, the domain of attraction of solutions with more
than two pulses per cycle is limited, on the Poincarè section, to low
initial values of µ and !, that is, sizable errors will always cause
the system to converge on the limit cycle with favorable character-
istics in terms of pointing accuracy and fuel consumption. On the
other hand, Fig. 8a shows a different situation, where the domains
of attraction of the solutions with two and four pulses per cycle at
³ D 0:2 appear to coexist on the Poincarè section, up to large values
of both µ and !.

For the effects of the modulator parameters, we present the bifur-
cationdiagrams in Fig. 9, where the hysteresiswidth 1v D von voff,
which characterizes the threshold phenomena during the on–off
pulsemodulation,is selectedas bifurcationparameter.The branches
in Figs. 9a and 9b,whereµmax, T , and Ton=T are shown,are tracedfor
³ D 1, !n D 1 rad s 1, and von D 1, and the stable solutionshave two
pulses. The tradeoff between pointing accuracy and fuel consump-
tion is con� rmed, when, for 1v approaching zero, we observe a
30% increase of µmax compared to the nominal condition 1v D 0:9,
whereas the fuel consumption is signi� cantly decreased and the
limit-cycle period is much larger. Therefore, provided that the con-
straints on the pointing accuracy and the thruster on– off cycle are
satis� ed, a modulator operating at small values of 1v produces a
low-frequencypulse command sequence that should be favorablein
limiting both the fuel consumption and the excitation of structural
modes in � exible spacecraft.

For the in� uence of the time constant ¿ , Fig. 10a shows that, in
the nominal con� gurationof Table 1, the pointingaccuracypresents
a minimum for ¿ D 1, related to a tradeoff between a slow response
for a large value of the time constant and a short-pulse width for
¿ < 1. The period T in Fig. 10b is equal to 4 s for ¿ D 1 and, as
expected, grows to in� nity as the time constant approaches zero,
whereas the fuel consumption increases monotonically with ¿ .

Finally, a variation of the Schmitt trigger on-limit von from 0
to 15 produces an increase of µmax and Ton=T up to 0.6 deg and
6.9, respectively, and has a negligible in� uence on the limit-cycle
period. The effect of the modulator � lter gain K appears easily
predictable because it is related to the inverse of von, and it is not
discussed.

a)

b)

Fig. 10 Model 2: bifurcation diagrams of a) µmax and b) T and Ton/T
vs ¿ .

V. Conclusions
The principalobjectiveof the studywas to assessand demonstrate

the effectivenessof bifurcationtheory and a numerical continuation
algorithm for the analysis of nonlinear dynamics in attitude control
systems of rigid spacecraft.

The proposed approach based on the continuationof equilibrium
points of the Poincaré maps allows for the analysis of systems the
nonlinearities of which cannot be reformulated in C1 form, a sit-
uation that is frequently met in spacecraft con� gurations featuring
switchingcontrollaws. The reportedapplications,where single-axis
control systems including nonlinear elements are dealt with, show
that the qualitative structure of steady states and periodic solutions
is revealed, and the effect of several design parameters is ef� ciently
investigated.In comparisonwith classical techniquessuch as DFM,
the amplitudeand frequencyof limit cyclesare accuratelypredicted.
As a signi� cant advantage, the use of numerical simulation can be
limited and, more important, focused onto well-de� ned regions of
the parameter space.

The principal limitation of technique lies in that F is computed
by analytical or numerical solution of the equations of motion. This
means that the method may not be able to convergeonto a new solu-
tion during continuationof a highly unstable solutionbecause a new
orbit is not detected following perturbation of the initial condition
on the Poincaré map. Also, the precise location of the intersections
with both the discontinuous manifolds and the Poincaré sections
requires an effective numerical procedure because the continuation
of the discrete map can be very sensitive to any inaccuracy in the
computed trajectory.

In conclusion, provided that the aforementioned issues are ad-
dressed, the application of the continuationmethod to typical satel-
lite con� gurations con� rms that bifurcation theory can be a useful
aid in the design of the control system.
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